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A comprehensive understanding of the phase transformations is of primary importance to optimize the
properties of a material. In the present study, a novel and thermodynamically consistent chemo-elastic
multiphase-field model is formulated to simulate phase transformations which yield unique needle-like
patterns, referred to as Widmanst€atten structure. Owing to the critical role of the curvature in the growth
of the Widmanst€atten structure, the model is devised to recover the sharp interface solutions, despite the
introduction of a diffuse interface. This condition is fulfilled by formulating the chemical and the elastic
driving force based on the grand potential density and the mechanical jump conditions, respectively.
Additionally, to render a quantitative chemical driving force, parameters from CALPHAD-database
(TCFE8) are incorporated. The current work, through the multicomponent multiphase-field simula-
tions, shows that at high temperatures, when the chemical driving force is insufficient to actuate the
growth of a plate, the Widmanst€atten structure evolves by the co-operative growth of self-
accommodating plates. Furthermore, the growth of a single Widmanst€atten plate at low temperature
is also simulated, and the growth kinetics of the transformations are verified through existing analytical
predictions.
© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Properties of a material, which determine its applicability, are
substantially influenced by its constituent phases. Thus,
manufacturing techniques are meticulously devised to render
necessary phases, while equally circumventing the formation of
certain other phases that are detrimental to the desired properties.
Particularly in steels, owing to its adverse influence on the tough-
ness of the material, the formation of lath-shaped ferrite,
commonly known as Widmanst€atten ferrite, is not favored [1].
However, it has also been identified that a large volume fraction of
Widmanst€atten ferrite increases the yield strength [2,3]. The po-
tential appearance of Widmanst€atten ferrite during manufacturing
processes, like hot rolling [4] and welding [5], and its significant
influence on the mechanical properties, makes theoretical or
experimental attempts to understand this transformation inter-
esting for both engineers and material scientists.ran Amos).
B.V. This is an open access article uThe decomposition of austenite involves a spectrum of phase
transformations which are predominantly regulated by composi-
tion and temperature [6,7]. The diffusional or reconstructive
transformation, which accounts for the formation of pearlite and
pro-eutectoid ferrite, and which is governed by the diffusion of
carbon and other alloying elements, renders a convincing
description for the growth of Widmanst€atten ferrite. Accordingly, it
is postulated that the broad-faces of this lath-shaped ferrite consist
of structural ledges with erratically distributed risers [8,9]. While
the structural ledges make the broad-faces sessile, the risers, being
incoherent, enable the diffusion of the atoms and thereby facilitate
the lateral expansion of the Widmanst€atten ferrite. Furthermore,
the edge is considered to be made of growth ledges with large
incoherent risers which govern the growth of the Widmanst€atten
ferrite [10]. Based on this description of the interface, theoretical
studies on Widmanst€atten ferrite often assume fully- or semi-
coherent broad-faces and an incoherent edge [11,12]. Despite TEM
(Transmission Electron Microscopy) investigation of the interfaces
[13], a lack of experimental support to the description of the edge
[14] and the formation of surface relief [15,16] posits a contending
view to this understanding of the growth of Widmanst€atten ferrite.nder the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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ferrite is revealed by the formation of well-defined surface distor-
tions. The surface relief, which is usually associated with the dif-
fusionless or displacive transformation, presents the plausibility of
a contrasting description for the growth of this lath-shaped ferrite
[17,18]. A crystallographic analysis investigating the habit plane and
orientation relationship of Widmanst€atten ferrite relates the for-
mation of the surface relief to the invariant-plane strain [19].
Although this study concedes that the transformation mechanism
cannot entirely be determined from the crystallographic analysis, it
concludes by stating that ‘crystallographic theory, provide the
strongest evidence that the growth mechanism of Widmanst€atten
ferrite is martensite in character’. Furthermore, the dilatometric
study on isothermal phase-transformations of steel claims that the
strain accompanying the growth of Widmanst€atten ferrite con-
tributes to the observed dilatation [20]. Evidently, this study reveals
three distinct C-curves in the TTT (time-temperature-trans-
formation) plot, indicating the difference in the transformation
mechanism governing the growth of pearlite and Widmanst€atten
ferrite. Several extensive microscopic investigations by Ohmori
et al. propose displacive growth of Widmanst€atten ferrite [21e24].
The diffusionless transformation of the phases like martensite,
which is accompanied by the invariant-plane strain, is influenced
by pre-existing strain induced by deformation [25e27]. An analysis
of the phase transformation on deformed austenite reveals a
decreased amount of Widmanst€atten ferrite [28]. This mechanical
stabilization of the lath-shaped ferrite substantiates the displacive
mechanism of growth. In addition to the recent report on disloca-
tion densities [29], the lack of any austenite decomposition in a
small temperature range between the Widmanst€atten start tem-
perature and the lowest temperature at which allotriomorphs or
pearlite is identified [30], indicates a shift in the transformation
mechanism from the reconstructive to the diffusionless trans-
formation. Despite the displacive nature of the transformation,
considering the temperature at which Widmanst€atten ferrite
grows, it is maintained that the equi-partitioning of carbon occurs
during the evolution. It is furthermore asserted that the growth
kinetics of the transformation are governed by this carbon diffu-
sion. Thus, although para-equilibrium is established in systems
comprising substitutional alloying elements, both the theories
concur on the equi-partitioning of carbon in a binary Fe-C system.
Amidst the ongoing contention between these views, the present
work adopts the displacive theory for the simulation of Wid-
manst€atten ferrite owing to its substantial role in well-established
theoretical models of industrial applications [31,32] and archaeo-
logical interpretation [33].
With the progressive availability of computational resources,
numerical techniques have proven to be a critical tool in capturing
the intricate aspects of phase transformations. One such compu-
tational approach, referred to as phase-field modelling, has grown
to be a pivotal method for simulating complex microstructures and
understanding its evolution mechanism [34]. In this approach, the
interface separating two bulk phases is replaced with a smoothly
varying function called phase-field. Thus, the evolution of this
function translates directly to the phase transformation observed in
the simulation. Several theoretical analyses of Widmanst€atten
ferrite involving phase-field models have been increasingly re-
ported [35e40]. However, most of these studies incline towards the
reconstructive mechanism of transformation, and thereby assume
coherent and incoherent interfaces along the broad-faces and the
edge of the Widmanst€atten ferrite, respectively. Accordingly, these
studies employ anisotropy in the interfacial energy to achieve the
lath morphology. The numerical instability introduced by the
strong anisotropy in the interfacial energy and the need for a reg-
ularization term has been discussed recently in Ref. [41]. Differentfrom these analyses and adhering to the displacive theory, Wid-
manst€atten structures has recently been simulated by introducing
elasticity [38]. Although this approach was extended to simulate
Widmanst€atten ferrite [39], one critical aspect of the displacive
theory remains un-addressed in all the aforementioned phase-field
studies. The strain energy induced during the displacive growth of
martensite, in addition to the plastic relaxation, is minimized by the
co-operative ‘back-to-back’ growth of lath of near identical orien-
tation relation [42]. Based on the partial-dislocation degeneracy in
the martensite transformation [43,44], which enables the co-
operative growth of the plates, the plausibility of such self-
accommodating growth of Widmanst€atten ferrite is postulated
[45]. Subsequently, numerous experimental investigations,
including TEM observation [46], have been reported in favor of the
co-operative growth of mutually-accommodating Widmanst€atten
ferrite laths [47e50]. Although a phase-field study on the plastic
relaxation accompanying the Widmanst€atten ferrite has been re-
ported [51], the co-operative growth of the laths has not been
presented yet. Thus, a thermodynamically consistent chemo-elastic
multiphase-field model is formulated and employed in this study,
to simulate the co-operative growth of mutually-accommodating
Widmanst€atten ferrite laths in the Fe-C binary system, while
overlooking the contribution from the plastic relaxation.2. Theoretical framework
2.1. Multiphase-field model
A multicomponent multiphase-field model, based on a free
energy functional of Ginzburg-Landau type [52], is employed to
simulate the isothermal chemo-mechanical transformation pro-
cess. This functional is expressed as




Wintf ðf;VfÞ þWelðf; εÞ þWchemðf; c;TÞdV;
(1)
where fðx; tÞ is a vector-valued continuous order parameter of N
components, whereby each order parameter, faðx; tÞ, a ¼ 1;…, N,
represents the volume fraction of a particular phase a. Furthermore,
by adopting the approach of Nestler et al. [53,54], the phase-field
model is equipped with sufficient degrees of freedom to enable
the treatment of all plausible interfaces in a system of N phases, and
the interaction between two adjacent phases, separately. Thus, the
interfacial free-energy density is written as the summation of the
gradient and the potential energy density,W intf ðf;VfÞ ¼ εaðf;VfÞþ
uðfÞ=ε, where ε is a length parameter which governs the width of





is expressed by the interfacial energy gab and the normal vector to
the aeb interface qab ¼ faVfb  fbVfa. Furthermore, in contrast to













is formulated by using an obstacle-type potential uðfÞ, which is set
to ∞ if the N-tuple of the order parameters f ¼ f1; ::;fN is not in





fa ¼ 1;fa  0

. Through the
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non-physical spurious, or third phases, in regions separating two
phases is prevented. The role of this higher order term is exten-




fa ¼ 1, the variational approach yields









; a ¼ 1;…;N: (4)
Splitting this equilibrium conditions into dual interactions, the
evolution equation of the order parameters involving chemical and


























where ~N  N is the number of active phases. In Eqn. (5), Dabchem and
Dabel are the chemical and elastic driving forces, respectively, which
are determined from appropriate functionals through
ðd=dfa  d=dfbÞℱchem and ðd=dfa  d=dfbÞℱel [56,57]. Thus, the
variational derivative of the total energy with respect to fa can be
represented by dℱ=dfa ¼ ðv=ðvfaÞ V,v=ðvVfaÞÞW, where ðV,Þ
denotes the divergence operator and W represents the chemical,
elastic and interfacial energy contributions.
The chemical driving force for the evolution of the phases,
which depend on the concentration and the temperature (T),
is introduced by the chemical free-energy density Wchem written
as




In the above equation, the concentration for phase a is
expressed as the tuple of K  1 independent concentrations cai ,
and the chemical free-energy density is represented by Wachemðca;























ðvfaÞ ¼ cai upon derivation. By imposing this constraint under the
consideration that vW1chem=ðvc1i Þ ¼… ¼ vWNchem=ðvcNi Þ ¼ mi, where





















i¼1 micai ¼ Jachem, which is the grand potential
density of a [58], the chemical driving force governing the evolu-
tion of the phases is expressed based on this grand potential den-
sities as Dabchem ¼ EJchemF
ab. For phase a, this grand potential







where m is a continuous vector-valued chemical potential of K  1
independent potentials mi. From the diffusion equation, the evolu-
tion of concentration fields for each of the K  1 independent

















In the above Eqn. (11), M ij encompasses the individual mobil-
itiesM aij which relate to the diffusivities in the particular phase a. By
combining the aforementioned governing equations, the evolution
of the diffusion-potential field, which ultimately governs the


























The transformations based on the evolution of this diffusion-
potential field are well-established and have already been suc-
cessfully adopted in the simulation of solidification [59] and solid-
state transformation [40]. Moreover, it has been recently shown
that this approach reproduces the curvature-driven shape-in-
stabilities while recovering the sharp interface solutions [60,61].
In addition to the chemical driving force, the phase trans-
formations are often associated with the mechanical barriers in the
form of elastic or plastic strains. As discussed in Sec. 1, it is postu-
lated that the evolution of the Widmanst€atten structure is pre-
dominantly accompanied by the elastic strains. In order to
encompass the influence of the elasticity, the additional contribu-
tion Dabel is included in the formulation of the phase-field model.
Therefore, the derivative of the elastic free-energy densityWelðf; εÞ
is determined by adopting an approach presented in Refs. [62,63].
In this formulation, the stresses and the elastic driving force are
calculated on the basis of mechanical jump conditions.
In a multiphase system, the homogenized normal vector n can




fafb 0 nðMðfÞÞ ¼
VMðfÞ
jVMðfÞj: (13)
By incorporating the aforementioned definition of the normal n,
the stresses and strains are first transformed into an orthonormal






















ns; εtt ; εss;2εts
T ¼ εan; εtT : (14)
Since the jump of the variables sn and εt vanishes according to
the force balance EsnF ¼ 0 and the Hadamard kinematic compati-
bility condition EεtF ¼ 0, for an infinitesimal deformation on a
singular plane [64], the continuous contributions of the stresses
and strains are summarized in sn :¼ ðsnn; snt ; snsÞ and εt :¼ ðεtt ;εss;
2εtsÞ. Here, \llbracket,\rrbracket represents the jump of a variable
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on the gradient of the displacement field, which is written as
ðVuÞij ¼ vui=vxj, using the Einstein summation convention. The
variables sat :¼ ðsatt ; sass; satsÞ and εan :¼ ðεann;2εant ;2εansÞ correspond-
ingly summarize the discontinuous contributions of the stresses
and strains. The superscript a implies that the variable is discon-
tinuous, and therefore phase-dependent. Furthermore, the stiffness





C nnnn C nnnt C nnns C nntt C nnss C nnts
C ntnn C ntnt C ntns C nttt C ntss C ntts
C nsnn C nsnt C nsns C nstt C nsss C nsts
C ttnn C ttnt C ttns C tttt C ttss C ttts
C ssnn C ssnt C ssns C sstt C ssss C ssts





C nn C nt





with C nn and C tt representing the symmetrical matrices of
dimension 3 3. The variables C nt and C tn are 3 3 matrices for
which the condition C tn ¼ C Tnt is fulfilled. The same methodology
is employed to construct the compliance tensor S a. The calculation
of the stresses is achieved by considering the potential with only



































Here, ~cn and ~ct are the normal and tangential parts of the in-













respectively. Additionally, the locally averaged contributions of the
proportionality matrix T , between continuous and discontinuous































With the transformations C
vðfÞ ¼ MT
ε
C vBðfÞMε and ~svðfÞ ¼
MTs ~sBðfÞ, the resulting stresses in the Voigt representation and in
the Cartesian coordinate system are calculated by
svðfÞ ¼ C vðfÞεv þ ~svðfÞ; whereby the transformationmatricesMε
andMs are adopted from Ref. [62]. Upon transforming the resulting
stress svðfÞ into the matrix notation, the momentum balance
V,sðfÞ ¼ 0 is solved for the displacement field u. In bulk regions of
an arbitrary phase a, the stresses are calculated by
sij ¼ ðC a½ε ~εaÞij ¼ C aijklðεkl  ~εaklÞ: Finally, the derivative of the

















































The components of the proportionality matrix T a are expressed
as
T ann :¼ S ann (22)
T ant :¼ S annC ant (23)
T att :¼ C att  C atnS annC ant : (24)2.2. CALPHAD-based chemical driving force
Despite the contention with regards to the transformation
mechanism, it is unequivocally concurred that the growth kinetics
of the Widmanst€atten ferrite are governed by the carbon diffusion.
Thus, in order to render the chemical driving force quantitatively,
appropriate parameters from the CALPHAD database are incorpo-
rated. In a binary alloy system of components i and j, the free energy




 ¼ ciWiðTÞ þ cjWjðTÞ þ RTci ln ci þ cj ln cj;
(25)
where Wi and Wj are the respective free energies of the pure ele-
ments i and j. The concentrations are included as the mole fractions
of the components i and j, ci and cj, with R and T representing the
universal gas constant and temperature in Kelvin, respectively. But
in the Fe-C system, wherein the carbon atoms occupy the inter-
stitial sites of the Fe lattice, two sub-lattices, s1 and s2, are
considered to represent Wachem [65,66], which reads






C þ Ys2Va ln Ys2Va

þ Ys2C Ys2VaLFe:Va;C þWmom :
(26)
Here, in contrast to Eqn. (25), the concentration is expressed as
site fractions, Ys2C and Y
s2
Va, where C and Va are the components
pertaining to the sub-lattice s2. In a sub-lattice s, this site fraction of





asð1 YsVaÞ, where as is the number of sites. For ferrite, the
number of sites in the sub-lattices s1 and s2 are considered to be
one and three, respectively, while in austenite, it is as1 ¼ as2 ¼ 1
[66]. The free energy of the pure and alloyed iron,WFe:Va andWFe:C ,
respectively, along with the interaction parameter LFe:Va;C, and the
contribution from the magnetic ordering Wmom are obtained from
the CALPHAD database [67].
Considering the nature of Eqns. (25) and (26), both formulations




 ¼ AaðTÞc2i þ BaðTÞc2j þ DaðTÞci
þEaðTÞcj þ KaðTÞ;
(27)
where Aa, Ba, Da, Ea and Ka are the coefficients that vary with
temperature (T). Moreover, imposing the constraint ci þ cj ¼ 1, Eqn.
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Wachemðci; TÞ ¼ OaðTÞc2i þ PaðTÞci þ QaðTÞ; (28)
where Oa ¼ Aa þ Ba, Pa ¼ Da  2Ba  Ea and Qa ¼ Ba þ Ea þ Ka. To
solve these coefficients, at a temperature T, the simplified free en-
ergy equation (Eqn. (28)) is differentiated, which yields
v2Wachem
vc2i















In the aforementioned equations, U denotes the molar volume
of the individual phases, while Ga is the Gibbs free energy [67]. A
coherent differentiation of the Gibbs free energy is achieved by a


















In the above equations, Ga0 corresponds to the Gibbs free energy
at a given concentration c0i . To determine other free energy terms, a
small concentration step Dci, which is generally less than c0i , is
involved, such that Ga at c0i þ Dci, c0i þ 2Dci, c0i  Dci and c0i  2Dci is







, respectively. All free energy terms
for a given combination of c0i and Dci can be obtained from the
CALPHAD database. In the present work, the accuracy of the co-
efficients is further verified through a Newton-Raphson iteration
technique by imposing the constraint vGgeq=vc ¼ vGaeq=vc at equi-
librium (eq.), where c is the carbon concentration [60]. The co-
efficients quantitatively defining the phases are tabulated in
Table 1.2.3. Comparison to existing models
The quantitative nature of the phase-field simulation, in addi-
tion to encompassing the physical conditions, is affirmed by the
ability of the model to recover physical laws and sharp interface
solutions. The equilibrium condition of a thermodynamical system
with elastic and interfacial energy contribution is expressed as
EWelF EεFn,sn ¼  gabk. As elucidated in Ref. [68], the intro-






miEciFþ EWelF EεFn,sn ¼ gabk: (33)Table 1







Qg 40692.69Existing phase-field models [38,39], which are employed to
simulate chemo-mechanical phase transformations like Wid-
manst€atten structure, do not fulfill the equilibrium conditions.
Furthermore, recently it has been identified that the approach
adopting Voigt-Taylor homogenization scheme or Reuss-Sachs (RS)
approximation render an inaccurate representation of the surface
energy [63]. In the present model, the elastic driving force is
formulated based on the jump conditions, which inherently leads
to the mechanical configurational forces [63], and the chemical
driving force is defined by the grand-potential functional [58]. This
unique formulation of the driving force, under appropriate condi-
tions as elucidated in Sec. 2.1, avoids the excess energy contribution
to the interface by efficiently decoupling the bulk and interface
contributions, and recovers the sharp interface solution [82]. The
quantitative nature of the current approach is further enhanced by
its ability to incorporate CALPHAD-based parameters [60]. As
described in Sec. 2.2, since the parameters yield the equilibrium
compositions identical to the database, the chemical driving force,
which is dictated by the equi-partitioning of the diffusing compo-
nent, is recovered for any given composition.
3. Simulation setup
3.1. Domain setup
The phase-field evolution equation (Eqn. (5)), which includes a
variational derivative of the functional ℱ (Eqn. (1)), along with the
concentration (Eqn. (11)) and the chemical potential (Eqn. (12))
equations, is discretized on a uniform numerical grid using a finite-
difference approach. These equations are solved with an explicit
forward Euler scheme, and subsequently, the condition for the
mechanical equilibrium V,s ¼ 0 is solved at every time step in a
staggered manner. The present work considers a grid spacing of
Dx¼ Dy¼ 2.0  109m, and all the simulations are performed in a
two-dimensional domain of size 0.6 mm  1.2 mm, resolved by 300
 600 grid points along the x- and y-directions. The length scale
parameter ε, which governs the width of the diffuse interface, is set
to ε ¼ 2:5 Dx, so that the interface comprises approximately 6
grid points. A zero-flux boundary condition is used for the phase-
field and the concentration in all three directions. For the me-
chanical part a stress-free boundary condition is adopted along the
x- and y-directions, while the displacements in the orthogonal
directions of z are held at zero (Fig. 2a).
The proposed model is incorporated into the in-house software
package PACE3D (Parallel Algorithms for Crystal Evolution in 3D) to
enhance computational efficiency [69]. Moreover, the Message
Passing Interface (MPI) standard which reduces the computation
time by decomposing the larger domain into smaller fragments is
employed to optimize the simulations. The accuracy of the simu-
lations is further improved by non-dimensionalizing the input
parameters using an appropriate scheme and subsequently intro-
ducing these dimensionless values. During the initialization, the
condition for the mechanical equilibrium is established across the
diffuse interface separating the phases.
3.2. Eigenstrain
The difference in the crystal structure between the parent and
the evolving phase induces a strain during the phase trans-
formation. Since this strain is introduced despite the absence of any
external deformation (stress), it is referred to as stress-free trans-
formation strain, or more generally as eigenstrain. In steels, the
displacive martensite transformation involves the growth of a BCT-
(Body Centered Tetragonal) structured phase in an austenite matrix
of FCC (Face Centered Cubic) structure. The strain accompanying
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Bain strain, implies a definite orientation relation between the two
constituent phases. Having established the close correspondence
between the growth of Widmanst€atten ferrite and martensite in
the introduction (Sec. 1), an approach, adopted for the character-
ization of martensite in phase-field simulations [70], is extended for
Widmanst€atten ferrite. A schematic three-dimensional represen-
tation of this Bain strain in relation to the crystal structure of the
phases is presented in Fig. 1a.
The definite orientation relation between the FCC austenite (g)
and the BCC (Body Centered Cubic) ferrite (a) accompanying the
Bain strain can be expressed as
½101g
 ½100a ½010g  ½010a h101ig
 ½001a: (34)
In 3D, this crystallographic relation between the phases yields
three distinct variants of Bain strain. However, since the phase
transformation in the present study is confined to 2D, a simplified
Bain strain which yields two variants, as shown in Fig. 1b, is
considered. These two variants of the Bain strain are expressed as
~ε00ð1Þ ¼
0









The stress-free transformation strains ε1 and ε3 are calculated




aa  agÞ=ag and ε3 ¼ ðca  agÞag,
where aa, ca and ag are the lattice parameters of ferrite and
austenite, respectively [72]. Here, it is important to note that this
Bain strain exclusively accounts for the elastic strain which is
induced during the phase transformation. However, often these
displacive transformations accompany plastic relaxation, charac-
terized by an increase in dislocation density, which reduces the
elastic strain [21e24]. Furthermore, using the phase-field approach,
the plastic relaxation accompanying the diffusion-controlled evo-
lution of Widmanst€atten plates has been analyzed recently [51].
Accordingly, chemo- and thermo-elastic models adopted respec-
tively for the simulation of bainite and martensite, reduce the
eigenstrains appropriately to account for the plastic relaxation
[63,73]. The crystallographic analysis of Widmanst€atten ferrite
suggests an approximate shear strain of 0.36, and a dilatational
strain of 0.03 [19]. The influence of the plastic relaxation, which is
observed during the growth of the Widmanst€atten plate, is incor-
porated by reducing the shear strain to 0.12, while approximately
retaining the dilatational strain. This reduction in the eigenstrain is
achieved by the values of ε1 ¼ 0:08 and ε3 ¼  0:04.Fig. 1. Bain correspondence. a) Formation of a BCT phase [71]. The positions of iron atoms ar
spheres. Not all atoms are displayed. b) In 2D, two Bain variants originate from the austen3.3. Setup optimization
It is well established that boundary conditions have a consid-
erable influence on the simulation results. Setting-up an enor-
mously large domain to reduce these impacts is computationally
ill-favored. Thus alternatively, the contribution from the domain
boundaries is efficiently minimized by pre-defining the growth
direction of the inclusion (nucleus). In order to achieve growth in
the desired direction, in the present work, the eigenstrain tensor
~ε00ij is initially rotated using the rotation matrix Q, according to the
z y0  x00 intrinsic rotation convention which yields ~ε0ij, expressed
as ~ε0ij ¼ QimQjn~ε00mn. Furthermore, to ascertain the degree of rotation
which is required to facilitate the growth in the direction of mini-
mal boundary influence, a function BðnÞ, expressed as
BðnÞ ¼ C ijkl~ε0ij~ε0kl  nis0ijUjlðnÞs0lmnm (36)
is involved, where s0ij ¼ C ijkl~ε0kl, and the inverse Green function
tensor reads ðU1ðnÞÞij ¼ C ikljnknl, with n representing the vector
normal to the broad-faces of the acicular inclusion [74]. The func-
tion BðnÞ, which relates the eigenstrain to the elastic energy, facil-
itates the depiction of this relation as polar plots. This polar plot for
the aforementioned eigenstrain is shown in Fig. 2a. The anisotropy
in the elastic energy, which governs themorphology of the evolving
phase, is evident from this representation. Furthermore, the elastic-
energy polar plot reveals that in the present unrotated condition,
the normal of the broad-faces n deviates from the crystallographic
axis ½100a (x-axis) by a degree of q ¼  54:7+. Therefore, a
counter-acting rotation of q ¼ 54:7+ is imposed to align n along the
½100a-axis, so that the growth of the nucleus along the desired
½010a axis (y-axis) is established. In Fig. 2b, the elastic energy plot
after the rotation, which minimizes the influence of the domain
boundaries by fixing the growth direction, is shown. Since a
comprehensive elucidation of the elastic energy plots and its
implication is beyond the scope of the present work, readers are
directed to Refs. [38,74] for further understanding.4. Result and discussion
4.1. Dominance of elasticity over chemical driving force
By introducing the aforementioned elastic parameters ε1 and ε3,
a Bain variant representing the Widmanst€atten ferrite nucleus is
allowed to evolve. The chemical, elastic and interfacial parameters
governing this evolution are presented in Tables 2 and 3, respec-
tively. Isotropic elastic moduli for cubic crystals are used for both
the austenitic as well as the ferritic phase, which are calculated
based on Young's modulus E and Poisson's ratio n. The temperaturee marked with large spheres, possible positions of carbon atoms are marked with small
itic phase.
Fig. 2. a) and b) The elastic anisotropy introduced by the eigenstrains is presented as
plots. (a) In an unrotated condition, the growth direction determined through n de-
viates significantly from the desired direction. (b) A rotation is imposed to enable the
growth along the direction where the influence of the boundary condition is minimal.
c) Temporal evolution of the ferrite nucleus. Owing the lack of sufficient chemical
driving force, the nucleus shrinks failing to overcome the mechanical barrier.
Table 3
Elastic and interfacial parameters.
Parameter Value
Interfacial energy gab 0.2 J/m
2 [38]
Third order parameter gabd 15gab J/m
2
Young's modulus E 130 GPa [39]
Poisson's ratio n 0.33 [39]
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relate directly to experimental observation which has been re-
ported earlier [46]. The temporal evolution of the Widmanst€atten
ferrite, under these condition, is illustrated in Fig. 2c. Consistent
with the theoretical indications [45,46], despite the reduced
eigenstrains and the preferred growth direction, it is evident that
the ferrite nucleus fails to grow and ultimately disappears at high
temperatures. This behavior indicates that the chemical drivingTable 2
CALPHAD-based parameters governing the evolution of the Widmanst€atten ferrite
at 980 K.
Parameter Value
Temperature T 980 K
Diffusivity in ferrite Da 2  109 m2s-1
Diffusivity in austenite Dg 1  109 m2s-1
Overall carbon concentration c 0.01805mol frac. (0.4wt.%)
Ferrite eq. concentration caeq 0.000973mol frac. (0.021wt.%)
Austenite eq. concentration cgeq 0.041mol frac. (0.91wt.%)force is inadequate to overcome the strain induced by the phase
transformation, and thus leads to the shrinkage of the ferrite
nucleus.4.2. Co-operative growth of ‘back-to-back’ plates
4.2.1. Transformation mechanism
As discussed in Sec. 1, based on experimental observations
[46,49,50], it is postulated that the Widmanst€atten ferrite grows as
self-accommodating plates at high temperatures, close to Wid-
manst€atten start-temperature (Ws),. This back-to-back co-opera-
tive growth of plates compensates the low chemical driving force
by mutually eliminating the shear component of the strain. In 2D,
the two variants of Bain strain, illustrated in Fig. 1b, are potentially
capable of mutually annulling the shear strain. Therefore, both
these variants are considered to simulate the self-accommodating
growth of Widmanst€atten ferrite plates. As elucidated in Sec. 4.1,
prior to the simulation, the variants are appropriately rotated to
achieve co-operative growth of plates along the desired ½010a
crystallographic axis. The unrotated and rotated elastic energy plots
of both variants are presented in Fig. 3a and b, respectively.
Furthermore, the simulation domain is constructed in such a
way that the nuclei of the plates exhibit a back-to-back relation.
The temporal evolution of the plate nuclei begins with an
initialization stage during which the inclusions adapt to the
imposed eigenstrain. In the subset of Fig. 3c, the ferrite nuclei at t ¼
0, prior to the initialization, are shown. This initialization is sub-
sequently followed by the co-operative growth of the plates as
shown in Fig. 3c. In complete agreement with the displacive theory,
despite the lack of sufficient chemical driving force to facilitate the
growth of a single plate, by the co-operative growth of self-
accommodating plates, the Widmanst€atten structure is obtained
using the present phase-field model. Furthermore, it is evident
from the graphical representation (Fig. 3c) that the curvature at the
tip of the Widmanst€atten structure, which encompasses both var-
iants, remains noticeably unchanged through the entire evolution.
Similar energetically favored back-to-back growth of bicrystals has
been reported earlier [75], however, the crystallographic consid-
eration and the chemical driving force involved in the trans-
formation differ significantly.
The change in the distribution of carbon concentration,
accompanying the growth of theWidmanst€atten ferrite, is included
in Fig. 3c. In adherence to the Gibbs-Thomson relation, the carbon
concentration at the tip of the plate varies substantially from the
concentration around the broad-faces, owing to the inherent dif-
ference in the curvature. Although the evolution of the Wid-
manst€atten structure involves the self-accommodating growth of
two plates, its influence on the carbon distribution is imperceptible.
This theoretically consistent behavior, exhibited by the carbon
concentration in resembling the distribution, which is typically
associated with the growth of the single plate, ensures that the
kinetics of the transformation complies with the thermodynamical
predictions. Thus, in addition to the eigenstrain, the low concen-
tration at the tip favors the growth of the ferrite along the
½010a-axis, ultimately resulting in the Widmanst€atten
Fig. 3. a) and b) The polar plot representing the anisotropic elastic energy of both
variants of Bain strain in an unrotated and rotated condition. c) The ferrite nuclei,
introduced into the domain as back-to-back acicular structure, are shown in the subset.
The growth of these mutually-accommodating ferrite plates, after the initialization, is
achieved by canceling out the shear strain smises along the broad-faces. The evolution
of the carbon concentration resembles the growth of a single Widmanst€atten
structure.
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transformation, the von Mises stress is calculated during the
growth of the Widmanst€atten ferrite, which is illustrated in Fig. 3c.
It is evident that the von Mises stress, during the transformation, is
extensively confined to the tip of the plates and is significantly
absent along the broad-faces. The self-accommodating nature of
the plates, which is characterized by the counterbalancing of the
shear strains, is indicated by this lack of smises along the ½100a-axis.
In addition to the anisotropy in the elastic energy, thisneutralization of the shear strains cumulatively governs the
morphology exhibited by the growing phase.
The concentration evolution accompanying the back-to-back
co-operative growth of plates, illustrated in Fig. 3c, indicates that,
kinetically, this transformation can be treated as the growth of a
single plate. Thus, in order to substantiate this claim, the growth
kinetics of the self-accommodating transformation is analyzed
with respect to the existing analytical predictions for the single
plate.
4.2.2. Transformation kinetics
In a Widmanst€atten structure, the broad-faces are often
distinguished from the curved tip. The influence of the curvature on
the evolution of the broad-faces, which are almost flat, is negligible
when compared to the tip. Furthermore, as shown in Fig. 3c, the
shear stress around these broad-faces is noticeably absent. Thus, in
a carbon-diffusion governed transformation, the lateral growth of
theWidmanst€atten ferrite is considered to follow the parabolic law
[76]. In other words, the position of the broad-face x is related to the




. The position of the interface
along the crystallographic axis ½100a during the growth of the
Widmanst€atten ferrite is monitored and plotted against time in
Fig. 4a. Owing to the diffuse nature of the interface, an isoline
representationwherein fa ¼ 0:5 is considered to track the interface
in Fig. 4a and all the similar plots. Fitted data-points, in this illus-
tration, unravel the thermodynamical consistency of the present
simulation by capturing the lateral growth of the Widmanst€atten
structure. Here, it is worth mentioning that xt , the position of the
interface at time t, is normalized with its initial position x0, for the
broad-faces and the tip, to provide a cumulative representation of
the growth kinetics. Unlike the broad-faces, the curvature at the tip
of the plate significantly influences its migration during the
transformation. The concentration at the migrating interface of the
tip deviates from the local-equilibrium condition, or para-
equilibrium condition in ternary system, in accordance with the
radius of the curvature [76]. Thus, any change in the radius of the
tip during the evolution, correspondingly changes the concentra-
tion ahead of the plate, which subsequently introduces a change in
the growth kinetics. However, experimentally, it has been identi-
fied that theWidmanst€atten plate lengthens at a constant rate [10].
This time-independent transformation kinetics of the plate implies
a constant chemical driving force along the growth direction, which
imposes a constraint on the tip curvature. It has been established in
Sec. 2.3 that, despite the diffuse interface, the jump condition
involved in the formulation of the present phase-field model re-
covers the sharp-interface consideration. In addition to this claim,
in order to ensure that the curvature introduced by the eigenstrains
at the tip of the plate is preserved during the evolution, the position
of the tip is investigated. A constant growth rate of the plate in-
dicates that the migration of the tip, as opposed to the broad-faces,
follows a linear growth law, which translates into a relation xft,
where x is the position of the tip and t is the time. The temporal
change in the position of the tip, shown in Fig. 4b, complies entirely
with the predicted linear growth law, thereby indicating the
curvature-preservation at the tip during the growth of the Wid-
manst€atten structure. Collectively, for the first time, the present
analysis renders a thermodynamically-consistent theoretical sup-
port to the co-operative growth of self-accommodating Wid-
manst€atten ferrite plates through a chemo-elastic phase-field
model.
4.2.3. Triple junction in ‘back-to-back’plates
Unlike the conventional Widmanst€atten structure, a triple
junction is introduced at the tip of the self-accommodating plates.
The shape of this triple junction is monitored during the growth of
Fig. 4. (a) The growth kinetics of the broad-faces of the Widmanst€atten ferrite wherein the influence of the curvature is negligible. b) The migration of the interface at the tip of the
ferrite structure is monitored and plotted against time. Since two distinct plates are involved in this Widmanst€atten structure, the interface pertaining to the austenite is considered
(fg ¼ 0:5).
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with the kinetics of the evolution, as presented in the previous
section, the morphology of the tip remains unaltered throughout
the transformation. The characteristic profile of the tip is pre-
dominantly dictated by two factors; the interfacial energy between
the phases and the eigenstrain. Therefore, a complete adherence to
the young's law cannot be expected.
In the current analysis, the interfacial energy between the two
variants a1 and a2 is considered to be equal to the interfacial energy
between the parent and the evolving phase (ga1g ¼ ga2g ¼ ga1a2 ).
Furthermore, the eigenstrains are calculated based on the experi-
mental observation [19]. The combination of these parameters
yields the profile observed in Fig. 5. It is conceivable that any
change in either the interfacial energy or the eigenstrain would
alter the shape of the triple junction. This change in the profile
would consequently affect the kinetics of the evolution. However,
as shown in Fig. 4b, for the parameters considered in the present
study, no significant deviation is introduced in the kinetics of the
phase transformation.
It is conceded that, in the phase-field modelling, the interfacewidth influences the curvature at the tip. However, it should be
realized that unlike phase-field simulation wherein high aniso-
tropic strength is introduced to achieve the Widmanst€atten
morphology [35e37,40], the present work employs elastic strain.
Therefore, the influence of the anisotropy on the interface width is
largely averted [41]. Furthermore, as discussed in Sec. 2.3, in the
present model, the driving forces are specifically formulated to
avoid any such influence on the interface. Consequently, and since
profile of the tip are predominantly governed factors like the
interfacial energy and the eigenstrain, it is reasonable to assume
that any deviation introduced by interface width do not signifi-
cantly influence the kinetics of the transformation. Nevertheless,
this unphysical aspect of the simulation are extensively investi-
gated to quantify the inaccuracy introduced by the interface width,
which will be reported in the upcoming works.
4.3. Growth of a single Widmanst€atten ferrite plate
4.3.1. Transformation mechanism
With decrease in temperature, the chemical driving force
Fig. 5. An isoline representation (fa1 ¼ fa2 ¼ 0:5) of the triple junction formed at the
tip of the mutually-accommodating plates during its evolution.
Fig. 6. a) and b) Rotated and unrotated representation of the elastic energy of a singly
Bain variant, respectively. c) Growth of a single Widmanst€atten plate at low temper-
ature, wherein the chemical driving force is high enough to overcome the mechanical
barrier imposed by the eigenstrains.
P.G. Kubendran Amos et al. / Journal of Alloys and Compounds 767 (2018) 1141e11541150governing the transformation increases sufficiently to overcome
the mechanical barrier introduced by the eigenstrains. This in-
crease in the driving force enables the growth of a single plate (Bain
variant), despite the change in the strains associated with the
change in the temperature. In this section, the temporal evolution
of a single ferrite plate at 873 K is analyzed. The parameters gov-
erning the chemical driving force in this simulation are presented
in Table 4.
While the equilibrium concentrations of the constituent phases,
ferrite and austenite, are changed in accordance with the CALPHAD
database, the diffusivities in each of the phases are retained
assuming no significant change. Furthermore, the overall compo-
sition of the system is chosen to ensure that the chemical driving
force, through the supersaturation, remains comparable in both
simulations. In order to accommodate the change in the stored
energy introduced by the decrease in the transformation temper-
ature [77], the engineering shear strain is increased to 0.16 through
the eigenstrains of ε1 ¼ 0:08 and ε3 ¼  0:08. Furthermore, similar
to the existing phase-field study the dilatational strain is over-
looked for the simulation of the single Widmanst€atten plate [39].
The anisotropy in the elastic energy of a single Bain variant, with
the increased shear strain, is shown in Fig. 6a. The rotated polar plot
which ensures the growth of the plate in the desired crystallo-
graphic axis is included. Fig. 6c presents the growth of a single
ferrite plate at 873 K. Similar to the transformation at 980 K, in the
initial stages of the transformation, the tip of the plate adapts a
curvature much different from the nucleus, but dependent on theTable 4
CALPHAD-based parameters governing the evolution of the Widmanst€atten ferrite
at 873 K.
Parameter Value
Temperature T 873 K
Diffusivity in ferrite Da 2  109 m2s-1
Diffusivity in austenite Dg 1  109 m2s-1
Overall carbon concentration c 0.036mol frac. (0.8wt.%)
Ferrite eq. concentration caeq 0.0013mol frac. (0.02wt.%)
Austenite eq. concentration cgeq 0.081mol frac. (1.8wt.%)imposed eigenstrain. However, after the initialization, this curva-
ture remains visibly unaltered throughout the simulation.
Furthermore, consistent with experimental observations
[46,49,78], the aspect ratio of the plate significantly differs from the
previous simulation (980 K). Despite the increase in the strain, a
relatively high aspect ratio, ratio of the height to the width of the
plate, is observed at low temperature (873 K). The evolution of the
concentration distribution, in accordance with the difference in the
curvature between the flat broad-faces and the tip of the plate, is
illustrated in Fig. 6c. Moreover, the temporal change in the von
Mises stress accompanying the transformation is included as well.
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significantly high when compared to the broad-faces. Here, it is
interesting to note that, although a slight traces of von Mises stress
is noticed in the broad-faces during the growth of the single plate,
these stresses are relatively absent in the back-to-back growth of
plate shown in Fig. 3c. This lack of von Mises stress in the broad-
faces of the mutually-accommodating plates further vindicates
the canceling out of the shear component of the stress.4.3.2. Transformation kinetics
The growth kinetics of the Widmanst€atten plate is analyzed by
tracking the temporal migration of the tip and broad-faces, sepa-
rately. Similar to the co-operative growth of the self-
accommodating plates, the tip, governed by the curvature, ex-
hibits a time-independent growth rate, characterized by the rela-
tion xft as shown in Fig. 7a, where x and t represent the position of
the tip and time, respectively. Furthermore, Fig. 7b indicates that
the lateral growth of the Widmanst€atten ferrite holds a parabolic




, owing to its
almost flat surface.Fig. 7. (a) The migration of the tip, owing to the influence of the curvature on the conce





Although the present investigations primarily focus on the
evolution of the Widmanst€atten structure governed by the eigen-
strains, the role of the chemical driving force cannot be entirely
overlooked. Therefore, to understand the influence of the chemical
driving force on the transformation kinetics, the growth of the
Widmanst€atten plate is analyzed under different supersaturations
for the given eigenstrains. The supersaturation is varied by
changing the overall concentration of the system (cg∞). Corre-
spondingly, the chemical driving force is quantified as ~U ¼ ðcgeq 
cg∞Þ=ðcgeq  caeqÞ. The influence of the supersaturation on the kinetics
of the evolution is expressed by the Ivantsov's relation [79], ~U ¼ffiffiffiffiffiffi
pP
p
expðPÞerfcð ffiffiffiPp Þ, where the Peclet number P ¼ ðVplRplÞ=ð2DgÞ
depicts the normalized velocity with Rpl, Dg and Vpl representing
the radius of the Ivantsov's parabola, diffusivity and the growth
velocity, respectively. The change introduced in the transformation
kinetics by the different supersaturations is determined by moni-
toring themigration velocity (Vpl) and is plotted in Fig. 8. The visible
deviation from the curve is expected since the theoretical model
does not consider elasticity. However, despite the deviation, it is
noticeable that the role of the supersaturation in influencing thentration distribution, adheres to the relation xft. b) The lateral growth of the Wid-
Fig. 8. Influence of the supersaturation on the kinetics of the evolution is compared
with the Ivantsov's prediction [79].
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Ivantsov's model. This systematic shift is attributed to the consis-
tent interplay of the chemical and the elastic contributions [80].5. Summary
Properties of any given material significantly depend on the
phases that constitute its microstructure. In addition to the
chemical composition and the crystal structure of the phase, the
morphology it adopts during the transformation plays a pivotal role
in influencing the material properties. One of such structurally
distinct phase transformations in steels, which considerably affects
the mechanical properties, is the growth of Widmanst€atten ferrite.
Despite the extensive application and research on steels, certain
aspects of this transformation are still under contention. Although
the present study does not provide or intends to provide a defini-
tive solution to this contention, yet different from the most phase-
field studies [35e37,40], a thermodynamically-consistent chemo-
elastic model is employed to simulate the growth of the Wid-
manst€atten structure under different chemical driving forces. The
displacive theory on the growth of Widmanst€atten ferrite suggests
that at high temperatures, wherein the chemical driving force is not
high enough to overcome the mechanical barrier imposed by the
eigenstrain, the plates grow in a co-operative self-accommodating
manner. This accommodating growth of the plates reduces the
mechanical barrier by mutually neutralizing the shear component
of the strain. While the carbon-diffusion governed back-to-back
growth of the Widmanst€atten-ferrite plates has been observed
experimentally [46,49,50], simulation studies based on the dis-
placive theory overlook this aspect of the transformation [38,39].
Thus, the present work begins with the formulation of a chemo-
elastic phase-field model by adopting a specific jump condition,
which retains the sharp-interface solutions despite the involve-
ment of the diffuse interface. Furthermore, the formulation allows
the incorporation of CALPHAD-based parameters which renderquantitative chemical driving force, governed by the trans-
formation temperature and supersaturation.
By employing the formulated multicomponent multiphase-field
model, it is shown that the regular growth of the Widmanst€atten
structure is not favored at high temperatures, owing to the lack of
sufficient chemical driving force. However, by involving both vari-
ants of the Bain strain (in 2D), under a similar chemical environ-
ment, the Widmanst€atten structure is achieved by the mutually-
accommodating growth of the plates. Despite the difference in
the transformation mechanism and the involvement of two
different plates, no significant distinction is identified in the tem-
poral evolution of the carbon concentration. While this observation
affirms the consistency in the chemical driving force governed by
the equi-partitioning of carbon, the neutralization of the shear
strain is captured by monitoring the von Mises stress during the
transformation.
The growth of a single Widmanst€atten ferrite plate is simulated
by reducing the transformation temperature and by appropriately
changing the CALPHAD-based parameters. Consistent with the
experimental observation, at low temperatures, the chemical
driving force overcomes the mechanical barrier, and thus enables
the growth of a single ferrite plate [46]. The growth kinetics of the
plates, under different conditions, are analyzed separately to verify
the consistency of the transformation with the analytical pre-
dictions. In complete agreement with the thermodynamical pre-
dictions [76], under both transformation temperatures, it is shown
that the migration of the tip adheres to the linear growth law, while
the broad-faces follow the parabolic growth law. In the present
work, it is conceded that the specific choice of eigenstrains, after
compensating for the plastic relaxation, in both transformations is
not entirely quantitative. However, given the lack of a complete
understanding on the influence of the plastic relaxation, reasonable
assumptions of these eigenstrains are made. Motivated by Ref. [81],
attempts are being made, which will be reported in the future,
wherein plasticity is included in a similar phase-field formulation
to quantify the plastic relaxation at different temperatures.
Furthermore, simulations of chemo-mechanical phase trans-
formations involving other orientation relations with increased
number of variants will be pursued.
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